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Abstract: We investigate an anisotropic Bianchi type I cosmological model in General Relativity, employing a 

nonlinear cubic equation of state 𝒑 = 𝝀𝝆𝟑 + 𝝁𝝆𝟐 − 𝝆 together with a hyperbolic Hubble flow parametrization 

𝑯(𝒕) = 𝜶𝐭𝐚𝐧𝐡(𝜷𝒕). Exact analytical expressions are obtained for the scale factor, directional scale factors, Hubble 

parameter, deceleration, jerk and statefinder parameters, energy density, an effective pressure and equation of state, 

expansion and shear scalars, the anisotropy ratio 𝝈𝟐/𝜽𝟐, a sound-speed (stability) parameter, the null and strong 

energy conditions, the 𝑶𝒎(𝒛) diagnostic, and – derived directly and independently of 𝝀, 𝝁 from the field equations 

– the true anisotropic skewness parameters 𝜸(𝒕) and 𝜹(𝒕).  

The model is exactly isotropic at 𝒕 = 𝟎 (𝝈𝟐 = 𝟎); 𝜸 and 𝜹 are formally singular there only because the normalizing 

energy density 𝝆 vanishes, while the underlying anisotropic stresses remain finite. As cosmic time increases, 𝝈𝟐, 𝜸, 

and 𝜹 all relax toward small, non-zero constants, so the universe evolves toward a state of permanent, bounded 

(“frozen”) anisotropy rather than isotropizing – a result stated sharply via the exactly constant anisotropy ratio 

𝝈𝟐/𝜽𝟐 ≈ 𝟏. 𝟏𝟏 × 𝟏𝟎−𝟑, which depends only on the anisotropy exponents 𝒎, 𝒏. The deceleration parameter satisfies 

𝒒(𝒕) < −𝟏 for all 𝒕 > 𝟎 (kinematic super-acceleration, 𝑯̇ > 𝟎, despite 𝝎(𝒕) ≥ −𝟏), diverging as 𝒕 → 𝟎+ and 

approaching the de Sitter value 𝒒 = −𝟏 only as 𝒕 → ∞; the corresponding jerk parameter 𝒋(𝒕) and statefinder pair 

(𝒓, 𝒔) approach the 𝜦CDM fixed point (𝒓, 𝒔) = (𝟏, 𝟎) from the quintessence-like quadrant as 𝒕 → ∞. 

For the adopted parameters (𝝀 = 𝟎. 𝟎𝟐,  𝝁 = 𝟎. 𝟏, chosen to satisfy the causality bound 𝟑𝝀𝝆∞
𝟐 + 𝟐𝝁𝝆∞ ≤ 𝟐), the 

effective equation-of-state parameter 𝝎(𝒕) interpolates monotonically from the de Sitter value 𝝎 = −𝟏 at 𝒕 = 𝟎 to a 

mild quintessence value 𝝎 ≈ −𝟎. 𝟐𝟎 at late times, the null energy condition holds throughout, the strong energy 

condition is violated only in a brief early window (𝒕 ≲ 𝟐. 𝟏) and is restored thereafter, and the sound speed satisfies 

𝒄𝒔
𝟐 ≤ 𝟏 for all 𝒕. Phantom behaviour (𝝎 < −𝟏) is not realized for 𝝀, 𝝁 > 𝟎 and would require 𝝀 < 𝟎 or 𝝁 < 𝟎. 

The model thus provides a causally consistent, exactly solvable framework for an anisotropic universe that begins 

isotropic, passes through a transient dark-energy-like phase, and settles into a permanently and mildly anisotropic, 

quintessence-dominated late-time state. 

Keywords: Bianchi type I cosmology; Anisotropic dark energy; Cubic equation of state; Exact solutions; State finder 

and Om(z) diagnostics; Quintessence. 

1.   INTRODUCTION 

The discovery of the accelerated expansion of the universe through observations of Type Ia supernovae marked one of the 

most important breakthroughs in modern cosmology and established the existence of dark energy as a dominant constituent 

of the universe [1, 2]. Subsequent observations involving the cosmic microwave background, baryon acoustic oscillations, 

galaxy redshift surveys, and large-scale structure further confirmed that the present universe is undergoing accelerated 

expansion [16, 14, 15, 17]. The standard cosmological model, based on General Relativity and a cosmological constant, 

successfully explains many observational properties of the universe; several theoretical issues, including the cosmological 

constant problem, the coincidence problem, and the physical nature of dark energy, nevertheless remain open [5, 6, 7, 18]. 
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The homogeneous and isotropic Friedmann–Robertson–Walker models successfully describe the large-scale dynamics of 

the universe [11, 12, 13]. However, anisotropic effects may have played a role during early cosmic epochs, motivating the 

study of anisotropic cosmologies. Among these, the Bianchi type I universe is one of the simplest and most widely studied 

generalizations of the FRW universe [4, 24], allowing independent expansion rates along three spatial directions while 

preserving spatial homogeneity [21, 22, 23]. 

A second important ingredient is the choice of equation of state for the cosmic fluid. Linear barotropic equations of state 

are often insufficient to capture rich dark energy dynamics; nonlinear equations of state  Chaplygin gas, logarithmic, 

polytropic, quadratic, and cubic forms  have therefore attracted considerable attention [8, 9, 10, 20]. Motivated by recent 

investigations of anisotropic cosmological models with quadratic equations of state in both General Relativity and modified 

gravity, which demonstrated that nonlinear equations of state can describe accelerating cosmological evolution together 

with anisotropic dark-energy behaviour [26], we consider here the nonlinear cubic equation of state 

𝑝 = 𝜆𝜌3 + 𝜇𝜌2 − 𝜌,                                                                                                                                                       ( 1 ) 

where 𝜆 and 𝜇 are constants governing the nonlinear cosmic fluid dynamics. 

A third ingredient is the choice of Hubble parametrization. Suitable parametrizations provide exact analytical 

reconstructions of cosmological evolution and describe smooth transitions between cosmic phases [19, 25]. We adopt the 

hyperbolic Hubble flow 

𝐻(𝑡) = 𝛼tanh(𝛽𝑡),   𝛼, 𝛽 > 0,                                                                                                                                  ( 2) 

which is finite throughout cosmic evolution and asymptotically approaches a constant, generating de Sitter-type behaviour 

at late times. 

The paper is organized as follows. Section 2 presents the field equations for the anisotropic Bianchi type I metric. Section 3 

obtains the exact solution using a power-law anisotropy ansatz, Eq. (1), and Eq. (2). Section 4 discusses the physical and 

kinematical quantities, including the energy conditions, sound speed, shear scalar, and the anisotropic skewness parameters.  

Section 5 summarizes the conclusions. 

2.   METRIC AND FIELD EQUATIONS 

We consider the Bianchi type I metric 

𝑑𝑠2 = −𝑑𝑡2 + 𝐴2(𝑡) 𝑑𝑥2 + 𝐵2(𝑡) 𝑑𝑦2 + 𝐶2(𝑡) 𝑑𝑧2.                                                                                                   ( 3 ) 

The Einstein field equations are 𝑅𝑖𝑗 − 1 2⁄ 𝑅𝑔𝑖𝑗 = 𝑇𝑖𝑗 . We take an anisotropic fluid energy–momentum tensor 

𝑇 𝑗
𝑖 = diag[−𝜌,  𝜔𝜌, (𝜔 + 𝛾)𝜌, (𝜔 + 𝛿)𝜌],                                                                                                                    ( 4 ) 

where 𝜔 is the (direction-free) equation-of-state parameter and 𝛾, 𝛿 are skewness parameters describing pressure anisotropy 

along the 𝑦- and 𝑧-directions relative to the 𝑥-direction. With 𝐻𝐴 ≡ 𝐴̇/𝐴, 𝐻𝐵 ≡ 𝐵̇/𝐵, 𝐻𝐶 ≡ 𝐶̇/𝐶, the field equations reduce 

to 

𝐻𝐴𝐻𝐵 + 𝐻𝐵𝐻𝐶 + 𝐻𝐶𝐻𝐴 = 𝜌,                                                                                                                                                         (  5 )

𝐵̈

𝐵
+

𝐶̈

𝐶
+ 𝐻𝐵𝐻𝐶 = −𝜔𝜌,                                                                                                                                                   (  6  )

𝐴̈

𝐴
+

𝐶̈

𝐶
+ 𝐻𝐴𝐻𝐶 = −(𝜔 + 𝛾)𝜌,                                                                                                                                       ( 7  )

𝐴̈

𝐴
+

𝐵̈

𝐵
+ 𝐻𝐴𝐻𝐵 = −(𝜔 + 𝛿)𝜌.                                                                                                                                       (  8 )

 

The conservation equation, obtained from 𝜌̇ + ∑ 𝐻𝑖𝑖 (𝜌 + 𝑝𝑖) = 0 with 𝑝𝑥 = 𝜔𝜌, 𝑝𝑦 = (𝜔 + 𝛾)𝜌, 𝑝𝑧 = (𝜔 + 𝛿)𝜌 and 𝐻𝐴 +

𝐻𝐵 + 𝐻𝐶 = 3𝐻, is 

                         𝜌̇ + 3𝐻(1 + 𝜔)𝜌 + 𝛾𝜌𝐻𝐵 + 𝛿𝜌𝐻𝐶 = 0,                                                                                                ( 9 ) 
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where 𝐻𝐵 and 𝐻𝐶 are the directional Hubble rates of the 𝐵- and 𝐶-directions (this corrects a mis-typeset version of this 

equation found in earlier drafts, in which 𝐻𝐵, 𝐻𝐶 appeared as powers 𝐻2, 𝐻3 of the average Hubble parameter; Eq. (9) is 

dimensionally consistent and is not needed in the solution procedure below, but is retained for completeness). 

The spatial volume and average scale factor are 𝑉 = 𝐴𝐵𝐶 = 𝑎3, 𝑎 = (𝐴𝐵𝐶)1/3, with 

𝐻 =
𝑎̇

𝑎
,   𝑞 = −

𝑎𝑎̈

𝑎̇2 ,   𝜃 = 3𝐻,  𝜎2 =
1

2
(∑ 𝐻𝑖

23
𝑖=1 − 3𝐻2).                                                                           ( 10 ) 

3.   SOLUTION OF THE FIELD EQUATIONS 

Equations (5)–(8) are four equations for the seven unknowns 𝐴, 𝐵, 𝐶, 𝑝, 𝜌, 𝛾, 𝛿 (with 𝜔 ≡ 𝑝/𝜌 once 𝑝, 𝜌 are specified). To 

obtain a determinate solution we impose: 

1. Power-law anisotropy: 𝐴 = 𝐵𝑚, 𝐶 = 𝐵𝑛, with 𝑚, 𝑛 constant.  

2. The cubic equation of state (1). 

3. The hyperbolic Hubble parametrization (2). 

From (2), 𝐻 = 𝑎̇/𝑎 integrates to 

𝑎(𝑡) = 𝑎0  cosh𝛼/𝛽(𝛽𝑡).                                                                                                                                                    ( 11 ) 

Since 𝑉 = 𝐴𝐵𝐶 = 𝐵𝑚+𝑛+1 = 𝑎3, 

𝐴(𝑡) = 𝑎0

3𝑚

𝑚+𝑛+1cosh
3𝑚𝛼

𝛽(𝑚+𝑛+1)(𝛽𝑡),                                                                                                                                                   (12)

𝐵(𝑡) = 𝑎0

3

𝑚+𝑛+1cosh
3𝛼

𝛽(𝑚+𝑛+1)(𝛽𝑡),                                                                                                                                                   (13)

𝐶(𝑡) = 𝑎0

3𝑛

𝑚+𝑛+1cosh
3𝑛𝛼

𝛽(𝑚+𝑛+1)(𝛽𝑡).                                                                                                                                                   (14 )

  

It is convenient to define 

ℎ(𝑡) ≡
𝐵̇

𝐵
=

3𝛼

𝑚+𝑛+1
tanh(𝛽𝑡),  𝐻𝐴 = 𝑚ℎ, 𝐻𝐵 = ℎ, 𝐻𝐶 = 𝑛ℎ.                                                                           (15) 

Substituting into Eq. (5) gives the energy density 

𝜌(𝑡) =
9𝛼2(𝑚+𝑛+𝑚𝑛)

(𝑚+𝑛+1)2 tanh2(𝛽𝑡).                                                                                                                                     (16 ) 

Using Eq. (1), the effective pressure and equation-of-state parameter are 

𝑝(𝑡) = 𝜆𝜌(𝑡)3 + 𝜇𝜌(𝑡)2 − 𝜌(𝑡),                                                                                                                                                  (17 ) 

𝜔(𝑡) ≡
𝑝(𝑡)

𝜌(𝑡)
= 𝜆𝜌(𝑡)2 + 𝜇𝜌(𝑡) − 1.                                                                                                                                           ( 18) 

 

Equations (17)–(18) define an effective, isotropic-equivalent pressure and equation-of-state parameter via the cubic relation 

(1), used below to probe the bulk thermodynamic behaviour (energy conditions, sound speed) of the cosmic medium. The 

true directional pressure deviations 𝛾(𝑡), 𝛿(𝑡) appearing in (4) are obtained independently, directly from Eqs. (6)–(8), in 

Appendix A; they depend only on 𝛼, 𝛽, 𝑚, 𝑛 and not on 𝜆, 𝜇. 

4.   PHYSICAL AND KINEMATICAL QUANTITIES 

Throughout this section we illustrate the analytical results with the parameter set 

𝛼 = 1.2,  𝛽 = 0.8,  𝑚 = 1.1,  𝑛 = 0.9,  𝜆 = 0.02,  𝜇 = 0.1, 𝑎0 = 1.                                                        (19) 

The value of 𝜇 is reduced relative to a naive choice (𝜇 = 0.5) specifically so that the causality bound derived in §4.2 is 

satisfied; see the remark there. 
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4.1 Scale Factor, Hubble Parameter, and Deceleration Parameter 

  

Fig.1: Evolution of the scale factor 𝒂(𝒕) (left) and Hubble parameter 𝑯(𝒕) (right) for the parameters (19). 

The scale factor (11) increases smoothly and without bound (Fig. 1, left), with no curvature singularity at any finite 𝑡. The 

Hubble parameter (2) is positive for all 𝑡 > 0 and approaches the constant value 𝛼 at late times (Fig. 1, right), corresponding 

to de Sitter-type expansion. 

 

Fig.2: Deceleration parameter 𝒒(𝒕), satisfying 𝒒(𝒕) < −𝟏 for all 𝒕 > 𝟎 (kinematic super-acceleration) and 

approaching the de Sitter value 𝒒 = −𝟏 as 𝒕 → ∞. Note the divergence to −∞ as 𝒕 → 𝟎+: the model does not 

describe an earlier decelerating epoch. 

Using (10) and (11), the deceleration parameter is 

𝑞(𝑡) = −1 −
𝛽 sech2(𝛽𝑡)

𝛼tanh2 (𝛽𝑡)
.                                                                                                                                                 ( 20) 

Since the second term is strictly positive for all 𝑡 > 0, 𝑞(𝑡) < −1 for every 𝑡 > 0 (Fig. 2) – the model is not merely 

accelerating (𝑞 < 0) but kinematically super-accelerating (𝐻̇ > 0) at every epoch, approaching the de Sitter value 𝑞 = −1 

only as 𝑡 → ∞. As 𝑡 → 0+, 𝑞 → −∞: the model has no early decelerating (matter/radiation-dominated) phase and should 

be understood as describing a late-time/dark-energy-era reconstruction rather than a complete cosmic history. (The relation 

between this kinematic super-acceleration and the thermodynamic equation-of-state parameter 𝜔(𝑡) ≥ −1 of §4.2 is 

discussed in §4.6.) 
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4.2 Energy Density, Effective Pressure, Equation of State, and Sound Speed 

 

Fig.3: Energy density 𝝆(𝒕) (left, Eq. (16)) and effective pressure 𝒑(𝒕) (right, Eq. (17)) for the parameters (19). 

The energy density (16) vanishes at 𝑡 = 0 and increases monotonically to a finite asymptotic value 

𝜌∞ =
9𝛼2(𝑚+𝑛+𝑚𝑛)

(𝑚+𝑛+1)2 ≈ 4.306                                                                                                                                           (21)   

(Fig. 3, left), with no singularity at any finite 𝑡. The effective pressure (17) vanishes at 𝑡 = 0, becomes negative, reaches a 

minimum 𝑝 ≈ −1.58 near 𝑡 ≈ 1.4, and relaxes to 𝑝∞ ≈ −0.86 as 𝑡 → ∞ (Fig. 3, right): the effective pressure is negative 

throughout 𝑡 > 0, consistent with accelerated expansion, and never enters the positive (stiff) regime for these parameters. 

 

Fig.4: Effective equation-of-state parameter 𝝎(𝒕) (left, Eq. (18)) and sound speed squared 𝒄𝒔
𝟐(𝒕) (right, Eq. (23)). 

The dashed/dotted reference lines mark 𝝎 = −𝟏 (de Sitter), 𝝎 = −𝟏/𝟑, and the causal limit 𝒄𝒔
𝟐 = 𝟏. 

The equation-of-state parameter (18) satisfies 𝜔(0) = −1 (the de Sitter / cosmological-constant boundary) and, since 

𝑑𝜔/𝑑𝜌 = 2𝜆𝜌 + 𝜇 > 0 for 𝜆, 𝜇 > 0, increases monotonically toward 

𝜔∞ = 𝜆𝜌∞
2 + 𝜇𝜌∞ − 1 ≈ −0.199.                                                                                                                                 (22 ) 

Thus 𝜔(𝑡) ∈ [−1, −0.199] for all 𝑡 ≥ 0 (Fig. 4, left): the model interpolates between a de Sitter-like phase at 𝑡 = 0 and a 

mild quintessence-like phase at late times, never reaching 𝜔 = −1/3 from below in a way that would halt acceleration – 

the acceleration itself is driven by the prescribed 𝐻(𝑡), while 𝜔(𝑡) characterizes the effective fluid’s thermodynamics. 

Since 𝜆𝜌2 + 𝜇𝜌 ≥ 0 for 𝜌 ≥ 0, 𝜆, 𝜇 > 0, we have 𝜔(𝑡) ≥ −1 for all 𝑡, with equality only at 𝑡 = 0. Phantom behaviour 

(𝜔 < −1) would require 𝜆 < 0 or 𝜇 < 0, and is not realized for the parameters (19). 

 

about:blank
about:blank


International Journal of Mathematics and Physical Sciences Research   ISSN 2348-5736 (Online) 
Vol. 14, Issue 1, pp: (64-75), Month: April 2026 - September 2026, Available at: www.researchpublish.com 

 

Page | 69 
Research Publish Journals 

 

The sound-speed parameter is 

𝑐𝑠
2(𝑡) =

𝑑𝑝

𝑑𝜌
= 3𝜆𝜌(𝑡)2 + 2𝜇𝜌(𝑡) − 1.                                                                                                                            (23) 

𝑐𝑠
2(0) = −1 (classically unstable near 𝑡 = 0), 𝑐𝑠

2 increases monotonically, crosses zero near 𝑡 ≈ 1.4, and approaches 

𝑐𝑠
2(∞) = 3𝜆𝜌∞

2 + 2𝜇𝜌∞ − 1 ≈ 0.973.                                                                                                                         (24) 

From Fig. 4, right it is clear that, for all 𝑡, 𝑐𝑠
2(𝑡) ≤ 1: the effective fluid description is causal throughout. A value 𝑐𝑠

2 > 1 

would signal superluminal sound propagation and a breakdown of causality in the effective fluid description. Requiring 

𝑐𝑠
2(∞) ≤ 1 gives the bound 

3𝜆𝜌∞
2 + 2𝜇𝜌∞ ≤ 2 .                                                                                                                                                       (25) 

For 𝜌∞ ≈ 4.306 and 𝜆 = 0.02, Eq. (25) requires 𝜇 ≲ 0.103; we adopt 𝜇 = 0.1, which satisfies the bound (3𝜆𝜌∞
2 + 2𝜇𝜌∞ ≈

1.97 < 2). A larger value such as 𝜇 = 0.5 would give 𝑐𝑠
2(∞) ≈ 4.4 > 1, i.e. an acausal late-time effective fluid, and should 

be avoided. 

4.3 Energy Conditions 

 

Fig.5: Null energy condition 𝝆 + 𝒑 (left) and strong energy condition 𝝆 + 𝟑𝒑 (right). 

From (16)–(17), 

𝜌 + 𝑝 = 𝜆𝜌3 + 𝜇𝜌2 = 𝜌2(𝜆𝜌 + 𝜇) ≥ 0.                                                                                                                        (26) 

for 𝜌 ≥ 0, 𝜆, 𝜇 > 0: the null energy condition (NEC) is satisfied for all 𝑡 (Fig. 5, left), increasing monotonically from 0 to 

𝜌∞
2 (𝜆𝜌∞ + 𝜇) ≈ 3.45. 

The strong energy condition is governed by 

𝜌 + 3𝑝 = 𝜌(3𝜆𝜌2 + 3𝜇𝜌 − 2).                                                                                                                                     (27) 

Since 𝜌 + 3𝑝 = 0 at 𝑡 = 0 and at 𝜌 = 𝜌𝑐 , the positive root of 3𝜆𝜌2 + 3𝜇𝜌 − 2 = 0; for the parameters (19), 𝜌𝑐 ≈ 3.79, 

corresponding to 𝑡 ≈ 2.1. For 0 < 𝑡 ≲ 2.1, 𝜌 + 3𝑝 < 0 and the strong energy condition (SEC) is violated; for 𝑡 ≳ 2.1, 𝜌 +

3𝑝 > 0 and the SEC is restored, approaching 𝜌∞(1 + 3𝜔∞) ≈ 1.74 as 𝑡 → ∞ (Fig. 5, right). The brief SEC-violating 

window near 𝑡 = 0 corresponds to the transient dark-energy-like (𝜔 ≈ −1) phase, while the late-time, SEC-satisfying 

regime corresponds to the mild quintessence phase (𝜔∞ ≈ −0.199). 
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4.4 Expansion and Shear Scalar 

 

Fig.6: Expansion scalar 𝜽(𝒕) = 𝟑𝑯(𝒕) (left) and shear scalar 𝝈𝟐(𝒕) (right). Both increase monotonically from 𝟎 and 

saturate at finite constants. 

The expansion scalar is 𝜃(𝑡) = 3𝛼tanh(𝛽𝑡), increasing monotonically from 0 to 3𝛼 (Fig. 6, left). The shear scalar, from 

(10) and (15), is 

𝜎2(𝑡) =
3𝛼2(𝑚2+𝑛2+1−𝑚𝑛−𝑚−𝑛)

(𝑚+𝑛+1)2 tanh2(𝛽𝑡).                                                                                                                   (28) 

Using the identity 𝑚2 + 𝑛2 + 1 − 𝑚𝑛 − 𝑚 − 𝑛 = 1 2⁄ [(𝑚 − 𝑛)2 + (𝑚 − 1)2 + (𝑛 − 1)2] ≥ 0 (with equality only for 

𝑚 = 𝑛 = 1, the isotropic FRW limit), 𝜎2(𝑡) is non-negative and increases monotonically from 𝜎2(0) = 0 to the finite 

constant 

𝜎∞
2 =

3𝛼2(𝑚2+𝑛2+1−𝑚𝑛−𝑚−𝑛)

(𝑚+𝑛+1)2 ≈ 0.0144 .                                                                                                                       (29) 

From Fig. 6, right it is observed that, the model is exactly isotropic at 𝑡 = 0. As 𝜃(𝑡) also approaches a constant (3𝛼) at 

late times, the ratio 𝜎2/𝜃2 approaches the non-zero constant 𝜎∞
2 /(9𝛼2): this is the opposite of isotropization in the usual 

sense (which requires 𝜎2/𝜃2 → 0). Instead, the universe evolves from perfect isotropy toward a state of permanent, bounded 

(frozen) anisotropy, whose magnitude 𝜎∞
2  is controlled by how far 𝑚, 𝑛 are from unity and vanishes identically in the 

isotropic limit 𝑚 = 𝑛 = 1. 

Anisotropy ratio 𝝈𝟐/𝜽𝟐 

The frozen-anisotropy result can be stated even more sharply. Since 𝜎2(𝑡) ∝ tanh2(𝛽𝑡) (Eq. (28)) and 𝜃(𝑡)2 =

9𝛼2tanh2(𝛽𝑡) share identical time-dependence, the ratio is exactly constant for all 𝑡 > 0 (and extends continuously to 𝑡 =

0 by continuity, since both vanish there at the same rate): 

𝜎2(𝑡)

𝜃(𝑡)2 =
𝑚2+𝑛2+1−𝑚𝑛−𝑚−𝑛

3(𝑚+𝑛+1)2   ≡  const.                                                                                                                               (30) 

Remarkably, this constant depends only on 𝑚, 𝑛 – not on 𝛼, 𝛽, 𝜆, or 𝜇. For the adopted parameters, 𝜎2/𝜃2 ≈ 0.00111 =

1/900 (Fig. 7 below). This is a stronger statement than “𝜎2 approaches a constant”: the anisotropy-to-expansion ratio is 

conserved throughout the entire cosmic evolution, not merely asymptotically – the clearest possible demonstration of frozen, 

rather than decaying, anisotropy. 
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Fig. 7: Anisotropy ratio 𝝈𝟐(𝒕)/𝜽(𝒕)𝟐, exactly constant for all 𝒕 (Eq. (30)). 

4.5 Skewness Parameters 

 

Fig. 8: Skewness parameters 𝜸(𝒕) (left) and 𝜹(𝒕) (right), plotted on a symmetric-log vertical axis to display both the 

early divergence (a removable singularity caused by 𝝆(𝒕) → 𝟎, not by a divergent anisotropic stress; see 

Appendix A) and the late-time plateaus 𝜸∞ ≈ −𝟎. 𝟏𝟎𝟎, 𝜹∞ ≈ −𝟎. 𝟐𝟎𝟏. 

The skewness parameters 𝛾(𝑡) and 𝛿(𝑡), representing the directional pressure deviations 𝑝𝑦 − 𝑝𝑥 = 𝛾𝜌 and 𝑝𝑧 − 𝑝𝑥 = 𝛿𝜌, 

are derived directly from Eqs. (6)–(8) in Appendix A: 

𝛾(𝑡) = −(𝑚 − 1) 
ℎ̇(𝑡) + (𝑚 + 𝑛 + 1)ℎ(𝑡)2

𝜌(𝑡)
,                                                                                                                          (31)

𝛿(𝑡) = −(𝑚 − 𝑛) 
ℎ̇(𝑡) + (𝑚 + 𝑛 + 1)ℎ(𝑡)2

𝜌(𝑡)
.                                                                                                                          (32)

 

Crucially, 𝛾(𝑡) and 𝛿(𝑡) depend only on 𝛼, 𝛽, 𝑚, 𝑛 – they are independent of 𝜆, 𝜇 – reflecting their purely 

geometric/kinematic origin. Because ℎ̇(0) ≠ 0 while 𝜌(0) = 0, both functions diverge as 𝑡 → 0+ (Fig. 8); however, the 

numerators 𝛾𝜌|𝑡=0 = −(𝑚 − 1)ℎ̇(0) and 𝛿𝜌|𝑡=0 = −(𝑚 − 𝑛)ℎ̇(0) – the actual anisotropic pressure differences – are 

finite. The divergence of 𝛾, 𝛿 at 𝑡 = 0 is therefore a normalization artefact (division by 𝜌 → 0), not a curvature singularity; 

the metric, 𝜌, 𝑝, 𝜃, and 𝜎2 are all regular at 𝑡 = 0. 

As 𝑡 → ∞, 

𝛾∞ = −
(𝑚−1)(𝑚+𝑛+1)

𝑚+𝑛+𝑚𝑛
≈ −0.100,  𝛿∞ = −

(𝑚−𝑛)(𝑚+𝑛+1)

𝑚+𝑛+𝑚𝑛
≈ −0.201.                                                                      (33) 

These small, non-zero, permanent values are consistent with the frozen, non-vanishing late-time shear of §4.4: the universe 

approaches, but never reaches, perfect isotropy in either its shear or its directional pressures. 

4.6 Jerk Parameter and Statefinder Diagnostics 

The jerk parameter 𝑗 = 𝑎/(𝑎𝐻3) provides a third-order kinematic diagnostic beyond 𝐻 and 𝑞. Using 𝑎̈/𝑎 = 𝐻̇ + 𝐻2 and 

differentiating, 𝑎/𝑎 = 𝐻̈ + 3𝐻𝐻̇ + 𝐻3, so 
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𝑗(𝑡) =
𝐻̈

𝐻3 + 3
𝐻̇

𝐻2 + 1.                                                                                                                                                      (34) 

With 𝐻 = 𝛼tanh(𝛽𝑡), 𝐻̇ = 𝛼𝛽 sech2(𝛽𝑡), 𝐻̈ = −2𝛼𝛽2tanh(𝛽𝑡) sech2(𝛽𝑡), and defining 𝑘 ≡ 𝛽/𝛼 together with 

𝑋(𝑡) ≡
sech2(𝛽𝑡)

tanh2(𝛽𝑡)
= csch2(𝛽𝑡),                                                                                                                                        (35) 

Eq. (20) becomes 𝑞(𝑡) = −1 − 𝑘𝑋(𝑡), and Eq. (34) reduces to the closed form 

𝑗(𝑡) = 1 + 𝑘(3 − 2𝑘) 𝑋(𝑡) = 1 + 𝑘(3 − 2𝑘) csch2(𝛽𝑡).                                                                                             (36) 

For the adopted parameters, 𝑘 = 2/3 and 𝑘(3 − 2𝑘) = 10/9 > 0, so 𝑗(𝑡) = 1 + 10 9⁄ csch2(𝛽𝑡) > 1 for all 𝑡 > 0, 

diverging as 𝑡 → 0+ and decreasing monotonically to 𝑗 → 1 as 𝑡 → ∞ (Fig. 9). 

 

Fig. 9: Jerk parameter 𝒋(𝒕) (Eq. (36)), log scale, showing 𝒋 → ∞ as 𝒕 → 𝟎+ and 𝒋 → 𝟏 (the 𝜦CDM value, dashed 

line) as 𝒕 → ∞. 

 

Fig. 10: Left: state finder pair 𝒓(𝒕), 𝒔(𝒕) vs. cosmic time (symmetric-log vertical axis). Right: statefinder trajectory 

(𝒓, 𝒔) (Eq. (37)), approaching the 𝜦CDM fixed point (𝒓, 𝒔) = (𝟏, 𝟎) (red star) from the region 𝒔 < 𝟎,  𝒓 > 𝟏 as 𝒕 →

∞. 

The state finder pair (𝑟, 𝑠) [27] is defined by 𝑟 ≡ 𝑗 and 𝑠 ≡ (𝑟 − 1)/[3(𝑞 − 1 2⁄ )], for which 𝛬CDM corresponds 

identically to (𝑟, 𝑠) = (1,0). Substituting Eqs. (36) and 𝑞 = −1 − 𝑘𝑋, 

𝑠(𝑡) =
𝑘(3−2𝑘)𝑋(𝑡)

3𝑞(𝑡)−3 2⁄
= − 

𝑘(3−2𝑘)𝑋(𝑡)

9 2⁄ +3𝑘𝑋(𝑡)
.                                                                                                                                (37) 

As 𝑡 → 0+ (𝑋 → ∞), 𝑠 → −(3 − 2𝑘)/3 = −5/9 ≈ −0.556 and 𝑟 = 𝑗 → ∞; as 𝑡 → ∞ (𝑋 → 0), (𝑠, 𝑟) → (0,1) – the model 

asymptotically approaches the 𝛬CDM statefinder point from the quadrant 𝑠 < 0, 𝑟 > 1 (Fig. 10), characteristic of 

quintessence-like (rather than Chaplygin-gas-like, 𝑠 > 0) dark energy. 
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Kinematic vs. thermodynamic phantom divide: Since 𝑋(𝑡) > 0 for all finite 𝑡, Eq. (20) gives 𝑞(𝑡) < −1 for all 𝑡, 

approaching −1 only as 𝑡 → ∞: the model is kinematically “super-accelerated” (𝐻̇ > 0, i.e. 𝑞 < −1) at every epoch. This 

might naively suggest phantom behaviour, yet §4.2 showed 𝜔(𝑡) ≥ −1 (thermodynamically non-phantom) throughout for 

𝜆, 𝜇 > 0. In standard single-fluid FRW cosmology these two statements would be equivalent (via 𝐻̇ = − 3 2⁄ (1 + 𝜔)𝐻2); 

here they are decoupled, because 𝐻(𝑡) is prescribed independently of the fluid’s equation of state in this reconstruction. 

The kinematic phantom divide (𝑞 = −1) and the thermodynamic phantom divide (𝜔 = −1) are both approached only 

asymptotically as 𝑡 → ∞, but from different sides and for different reasons. 

4.7 𝑶𝒎(𝒛) Diagnostic 

The 𝑂𝑚(𝑧) diagnostic [28] is constructed purely from 𝐻(𝑧) and is constant, 𝑂𝑚(𝑧) = 𝛺𝑚0, for 𝛬CDM in a flat, matter-

dominated universe; departures from a horizontal line signal departure from 𝛬CDM. For a flat universe, 

𝑂𝑚(𝑧) =
[𝐻(𝑧)/𝐻0]2−1

(1+𝑧)3−1
.                                                                                                                                                      (38) 

Using 𝑎 ∝ cosh𝛼/𝛽(𝛽𝑡) and 1 + 𝑧 = 𝑎(𝑡0)/𝑎(𝑡), 𝐻(𝑧) is obtained by inverting cosh(𝛽𝑡) = cosh(𝛽𝑡0)(1 + 𝑧)−𝛽/𝛼 for 

𝑡(𝑧) and evaluating 𝐻(𝑡(𝑧)) = 𝛼tanh(𝛽𝑡(𝑧)), where 𝑡0 denotes a chosen reference (“present”) epoch. Because 

cosh(𝛽𝑡) ≥ 1, this model’s domain corresponds to 𝑧 ≤ cosh(𝛽𝑡0)𝛼/𝛽 − 1; for the representative choice 𝑡0 = 2 (for which 

𝑞0 ≡ 𝑞(𝑡0) ≈ −1.12, consistent with 𝑞(𝑡) < −1 throughout, §4.6), this gives 𝑧 ≲ 3.1. 

 

Fig.11: 𝑶𝒎(𝒛) diagnostic (Eq. (38)) for the reference epoch 𝒕𝟎 = 𝟐. 

For 𝑧 ∈ [0,2.7], 𝑂𝑚(𝑧) is negative and slowly varying, 𝑂𝑚(𝑧) ∈ [−0.078, −0.017], increasing (becoming less negative) 

with 𝑧 (Fig. 11). A negative 𝑂𝑚(𝑧) corresponds to an effective 𝜔 < −1 when interpreted within a single-fluid FRW 

template – consistent with the kinematic 𝑞(𝑡) < −1 found above – even though the genuine anisotropic-fluid 𝜔(𝑡) ≥ −1 

(§4.2). This illustrates that 𝑂𝑚(𝑧), like 𝑞, is a kinematic diagnostic and need not agree with the thermodynamic 𝜔(𝑡) of the 

true anisotropic source in a Bianchi I model; the mild slope of 𝑂𝑚(𝑧) (rather than a horizontal line) indicates a persistent 

but small departure from 𝛬CDM across the redshift range probed. 

5.   CONCLUSIONS 

We have presented an exact, anisotropic Bianchi type I cosmological model combining a power-law anisotropy ansatz 𝐴 =

𝐵𝑚, 𝐶 = 𝐵𝑛, a hyperbolic Hubble reconstruction 𝐻(𝑡) = 𝛼tanh(𝛽𝑡), and a cubic equation of state 𝑝 = 𝜆𝜌3 + 𝜇𝜌2 − 𝜌 for 

the effective cosmic fluid. The energy density (16), scale factor (11), expansion scalar, and shear scalar (28) are all regular 

for every finite 𝑡 ≥ 0, with no curvature singularities. The present solution should be viewed as an exact late-time 

cosmological reconstruction rather than a complete cosmological history: it is constructed to match a prescribed late-time 

𝐻(𝑡) and does not aim to reproduce an earlier radiation- or matter-dominated epoch. 

On the reconstruction philosophy: It is worth being explicit about the logic underlying this and similar exact solutions. 

Rather than specifying a dynamical fluid a priori and solving the field equations for the geometry it produces, we fix the 

geometry – via the power-law anisotropy ansatz 𝐴 = 𝐵𝑚, 𝐶 = 𝐵𝑛 and the hyperbolic parametrization (2) – and use the field 
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equations (5)–(8) to determine the stress-energy content 𝜌(𝑡), 𝜔(𝑡), 𝛾(𝑡), 𝛿(𝑡) required to support that geometry. The 

resulting fluid quantities are thus derived, effective descriptions consistent with the prescribed expansion history through 

Einstein’s equations, rather than an independently specified source whose own dynamics generates 𝐻(𝑡) from some initial 

condition. This is the standard logic of 𝐻(𝑡)- and equation-of-state reconstruction in cosmology, and for any geometry 

realizable by a physical fluid the two viewpoints are mathematically equivalent; it does mean, however, that the dynamical 

stability of 𝐻(𝑡) itself under small perturbations as opposed to the thermodynamic stability of the reconstructed fluid probed 

by 𝑐𝑠
2(𝑡) in §4.2 – lies outside the scope of the present analysis. 

Kinematics: The model is everywhere accelerating, with 𝑞(𝑡) < −1 for all 𝑡 > 0 (diverging as 𝑡 → 0+ and approaching 

−1 only as 𝑡 → ∞), and so describes a late-time/dark-energy-era phase rather than a complete cosmic history including an 

earlier decelerating epoch. 

Anisotropy: The model is exactly isotropic at 𝑡 = 0 (𝜎2(0) = 0); both the shear scalar and the skewness parameters 𝛾, 𝛿 

grow from zero (or a removable singularity, in the case of 𝛾, 𝛿, caused by 𝜌 → 0) toward small, non-zero, permanent 

constants (𝜎∞
2 ≈ 0.0144, 𝛾∞ ≈ −0.100, 𝛿∞ ≈ −0.201). Most directly, the anisotropy ratio 𝜎2/𝜃2 (Eq. (30)) is exactly 

constant for all cosmic time (≈ 1/900 for the adopted 𝑚, 𝑛), depending only on 𝑚, 𝑛. The universe therefore evolves toward 

a state of permanent, bounded (frozen) anisotropy rather than isotropizing; this residual anisotropy is controlled entirely by 

𝑚, 𝑛 (via 𝛼, 𝛽 for the absolute normalization of 𝜎2, but 𝛾∞, 𝛿∞ and 𝜎2/𝜃2 depend only on 𝑚, 𝑛) and vanishes identically in 

the isotropic limit 𝑚 = 𝑛 = 1. Notably, 𝛾(𝑡) and 𝛿(𝑡) are independent of the equation-of-state parameters 𝜆, 𝜇, being fixed 

purely by the geometry. 

Observational context: We have not attempted a quantitative comparison of the frozen anisotropy level 𝜎2/𝜃2 ≈ 1.11 ×

10−3 with observational bounds on cosmic anisotropy (e.g. from Planck CMB temperature and polarization data, which 

typically constrain shear-type anisotropy to levels many orders of magnitude smaller than the illustrative value obtained 

here for 𝑚 = 1.1, 𝑛 = 0.9). The present work is intended as an exact theoretical solution demonstrating the existence and 

properties of a frozen-anisotropy late-time state within this class of models; 𝜎2/𝜃2 = 𝐾/[3(𝑚 + 𝑛 + 1)2] can be made 

arbitrarily small by choosing 𝑚, 𝑛 closer to unity, so the model is not in itself excluded, but a detailed confrontation with 

Planck (and other) anisotropy constraints – including the appropriate translation between this Bianchi I shear parameter and 

observational anisotropy estimators – is deferred to future work. 

Effective fluid thermodynamics: The effective equation-of-state parameter 𝜔(𝑡) moves monotonically from the de Sitter 

value 𝜔 = −1 at 𝑡 = 0 to a mild quintessence value 𝜔∞ ≈ −0.199 at late times. The null energy condition is satisfied for 

all 𝑡; the strong energy condition is violated only in a brief early window (𝑡 ≲ 2.1) and is restored thereafter. For 𝜆, 𝜇 > 0 

as adopted here, phantom behaviour (𝜔 < −1) is never realized; it would require 𝜆 < 0 or 𝜇 < 0. 

Kinematic diagnostics: The jerk parameter 𝑗(𝑡) = 1 + 𝑘(3 − 2𝑘) csch2(𝛽𝑡) (𝑘 ≡ 𝛽/𝛼) satisfies 𝑗 > 1 for all 𝑡, decreasing 

monotonically from 𝑗 → ∞ as 𝑡 → 0+ to 𝑗 → 1 as 𝑡 → ∞. The statefinder trajectory (𝑠, 𝑟) ≡ (𝑠, 𝑗) approaches the 𝛬CDM 

fixed point (0,1) from the quintessence-like quadrant 𝑠 < 0,  𝑟 > 1. The 𝑂𝑚(𝑧) diagnostic, evaluated about a representative 

present epoch 𝑡0 = 2, is negative and slowly varying, 𝑂𝑚(𝑧) ∈ [−0.078, −0.017] for 𝑧 ∈ [0,2.7], signalling a mild but 

persistent departure from 𝛬CDM consistent with 𝑞(𝑡) < −1. We note that the kinematic phantom-like behaviour (𝑞 < −1, 

𝑂𝑚 < 0) coexists with the thermodynamically non-phantom 𝜔(𝑡) ≥ −1 – a decoupling possible only because 𝐻(𝑡) is 

prescribed independently of the fluid’s equation of state in this anisotropic reconstruction (§4.6). 

Causality:  The sound-speed parameter 𝑐𝑠
2(𝑡) satisfies 𝑐𝑠

2 ≤ 1 throughout for the adopted (𝜆, 𝜇) = (0.02,0.1), which satisfy 

the bound 3𝜆𝜌∞
2 + 2𝜇𝜌∞ ≤ 2 derived in §4.2. Parameter choices violating this bound (e.g. 𝜇 = 0.5 with 𝜆 = 0.02, giving 

𝑐𝑠
2(∞) ≈ 4.4) lead to a superluminal, acausal effective sound speed at late times and should be avoided, or the model’s 

validity restricted to the time range where 𝑐𝑠
2 ≤ 1. 

In summary, the present work provides an exactly solvable Bianchi type I framework for a universe that begins in a state of 

perfect isotropy, passes through a transient, de Sitter-like, SEC-violating phase, and relaxes into a permanently but mildly 

anisotropic, causally consistent, quintessence-dominated late-time state – a scenario complementary to models that 

isotropize at late times, with all qualitative features controlled transparently by (𝛼, 𝛽, 𝑚, 𝑛, 𝜆, 𝜇) subject to the causality 

bound . 
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